Recently, it has been proposed by Maldacena that large N limits of certain conformal field theories in d dimensions can be described in terms of supergravity (and string theory) on the product of d+1-dimensional AdS space with a compact manifold. Here we elaborate on this idea and propose a precise correspondence between conformal field theory observables and those of supergravity: correlation functions in conformal field theory are given by the dependence of the supergravity action on the asymptotic behavior at infinity. In February, 1998
Introduction
To understand the large N behavior of gauge theories with SU (N ) gauge group is a longstanding problem [1] , and offers perhaps the best hope of eventually understanding the classic strong coupling mysteries of QCD. It has long been suspected that the large N behavior, if accessible at all, should be described by string theory perhaps with Liouville fields and higher dimensions; see [2] for recent discussion. Lately, with hints coming from explorations of the near horizon structure of certain black hole metrics [3, 5] and investigations [6] [7] [8] [9] [10] of scattering from those metrics, Maldacena has made [11] a remarkable suggestion concerning the large N limit not of conventional SU (N ) gauge theories but of some of their conformally invariant cousins. According to this proposal, the large N limit of a conformally invariant theory in d dimensions is governed by supergravity (and string theory) on d +1-dimensional AdS space (often called AdS d+1 ) times a compact manifold which in the maximally supersymmetric cases is a sphere. There has also been a discussion of the flow to conformal field theory in some cases [12] and many other relevant discussions of branes, field theories, and AdS spaces [13] [14] [15] [16] [17] .
An important example to which this discussion applies is N = 4 super Yang-Mills N fixed but large, the string theory is weakly coupled and supergravity is a good approximation to it. So the hope is that for large N and large x, the N = 4 theory in four dimensions is governed by the tree approximation to supergravity. In some other important examples discussed in [11] , there is no dimensionless parameter analogous to x, and supergravity should apply simply if N is large.
The discussion in [11] was motivated by consideration of black holes, which are also likely to suggest future generalizations. The black holes in question have near-horizon AdS geometries, and for our purposes it will suffice to work on the AdS spaces. AdS space has many unusual properties. It has a boundary at spatial infinity (for example, see [18] , pp.
131-4), as a result of which quantization [19] and analysis of stability [20, 21] are not straightforward. As we describe below, the boundary M d of AdS d+1 is in fact a copy of these are small representations, originally studied by Dirac (for d = 3), and interpreted in terms of free field theory on M d in [22] [23] [24] . The possible relation of field theory on AdS d+1 to field theory on M d has been a subject of long interest; see [16, 17] for discussions motivated by recent developments, and additional references.
The main idea in [11] was not that supergravity, or string theory, on AdS d+1 should be supplemented by singleton (or other) fields on the boundary, but that a suitable theory on AdS d+1 would be equivalent to a conformal field theory in d dimensions; the conformal field theory might be described as a generalized singleton theory. A precise recipe for computing observables of the conformal field theory in terms of supergravity on AdS d+1
was not given in [11] ; obtaining one will be the goal of the present paper. Our proposal is that correlation functions in conformal field theory are given by the dependence of the supergravity action on the asymptotic behavior at infinity. A special case of the proposal is that dimensions of operators in the conformal field theory are determined by masses of particles in string theory. The proposal is effective, and gives a practical recipe for computing large N conformal field theory correlation functions from supergravity tree diagrams, under precisely the conditions proposed in [11] -when the length scale of AdS d+1 is large compared to the string and Planck scales.
One of the most surprising claims in [11] was that (for example) to describe the N = 4
super Yang-Mills theory in four dimensions, one should use not just low energy supergravity on AdS 5 but the whole infinite tower of massive Kaluza-Klein states on AdS 5 × S 5 . We will be able to see explicitly how this works. Chiral fields in the four-dimensional N = 4 theory (that is, fields in small representations of the supersymmetry algebra) correspond to Kaluza-Klein harmonics on AdS 5 × S 5 . Irrelevant, marginal, and relevant perturbations of the field theory correspond to massive, massless, and "tachyonic" modes in supergravity.
The "tachyonic" modes have negative mass squared, but as shown in [20] do not lead to any instability. The spectrum of Kaluza-Klein excitations of AdS 5 × S 5 , as computed in [25, 26] , can be matched precisely with certain operators of the N = 4 theory, as we will see in section 2.6. Stringy excitations of AdS 5 × S 5 correspond to operators whose dimensions diverge for N → ∞, at least if x is large. Now we will recall how Minkowski space appears as the boundary of AdS space. The conformal group SO(2, d) does not act on Minkowski space, because conformal transformations can map an ordinary point to infinity. To get an action of SO(2, d), one must add some "points at infinity." A compactification on which SO(2, d) does act is the "quadric,"
described by coordinates u, v, x 1 , . . . , x d , obeying an equation
and subject to an overall scaling equivalence (u → su, v → sv, x i → sx i , with real non-zero s). In ( This leaves the standard Minkowski space coordinates x i , which parametrize the portion of the quadric with v = 0. The quadric differs from Minkowsi space by containing also "points at infinity," with v = 0. The compactification (1.1) is topologically (
(the Z 2 acts by a π rotation of the first factor and multiplication by −1 on the second), 1 and has closed timelike curves, so one may prefer to replace it by its universal cover, which is topologically S d−1 × R (where R can be viewed as the "time" direction).
AdS d+1 can be described by the same coordinates u, v, x i but without the scaling equivalence and with (1.1) replaced by
This space is not compact. If u, v, x i go to infinity while preserving (1.2), then in the limit, after dividing the coordinates by a constant factor, one gets a solution of (1.1). This is why the conformal compactification M d of Minkowski space is the boundary of AdS d+1 .
Again, in (1.2) there are closed timelike curves; if one takes the universal cover to eliminate them, then the boundary becomes the universal cover of M d .
1 After setting u = a + b, v = a − b, and renaming the variables in a fairly obvious way, the equation becomes a 
According to [11] , an N = 4 theory formulated on M 4 is equivalent to Type IIB string theory on AdS 5 × S 5 . We can certainly identify the M 4 in question with the boundary of AdS 5 ; indeed this is the only possible SO(2, 4)-invariant relation between these two spaces.
The correspondence between N = 4 on M 4 and Type IIB on AdS 5 × S 5 therefore expresses a string theory on AdS 5 × S 5 in terms of a theory on the boundary. This correspondence is thus "holographic," in the sense of [27, 28] . This realization of holography is somewhat different from what is obtained in the matrix model of M -theory [29] , since for instance it is covariant (under SO(2, d)). But otherwise the two are strikingly similar. In both approaches, M -theory or string theory on a certain background is described in terms of a field theory with maximal supersymmetry.
The realization of holography via AdS space is also reminiscent of the relation [30] between conformal field theory in two dimensions and Chern-Simons gauge theory in three dimensions. In each case, conformal field theory on a d-manifold M d is related to a generally covariant theory on a d + 1-manifold B d+1 whose boundary is M d . The difference is that in the Chern-Simons case, general covariance is achieved by considering a field theory that does not require a metric on spacetime, while in AdS supergravity, general covariance is achieved in the customary way, by integrating over metrics.
After this work was substantially completed, I learned of independent work [31] in which a very similar understanding of the the CFT/AdS correspondence to what we describe in section 2 is developed, as well as two papers [32, 33] that consider facts relevant to or aspects of the Hamiltonian formalism that we consider in section 3.
Boundary Behavior

Euclidean Version Of AdS d+1
So far we have assumed Lorentz signature, but the identification of the boundary of Alternatively, with the substitution r = tanh(y/2), one can put the AdS d+1 metric (2.1) in the form
where dΩ 2 is the metric on the unit sphere, and 0 ≤ y < ∞. In this representation, the boundary is at y = ∞. Finally, one can regard AdS d+1 as the upper half space x 0 > 0 in a space with coordinates x 0 , x 1 , . . . , x d , and metric
In this representation, the boundary consists of a copy of R d , at x 0 = 0, together with a single point P at x 0 = ∞. (x 0 = ∞ consists of a single point since the metric in the x i direction vanishes as x 0 → ∞). Thus, from this point of view, the boundary of AdS d+1
is a conformal compactification of R d obtained by adding in a point P at infinity; this of course gives a sphere S d .
Massless Field Equations
Now we come to the basic fact which will be exploited in the present paper. We start with the case of massless field equations, where the most elegant statement is possible. We will to begin with discuss simple and elementary equations, but the idea is that similar properties should hold for the supergravity equations relevant to the proposal in [11] and in fact for a very large class of supergravity theories, connected to branes or not.
The first case to consider is a scalar field φ. For such a field, by the massless field equation we will mean the most naive Laplace equation 
so that dφ = 0 and hence (for square-integrability) φ = 0. Now, in the representation (2.5)
of B d+1 , the Laplace equation reads
where L 2 (the square of the angular momentum) is the angular part of the Laplacian. If 
that are sufficiently close to the standard one is probably also necessary for most values of d (one would prove this as in the footnote using a family of S d 's that cannot be extended to a family of B d+1 's).
Ansatz For The Effective Action
We will now attempt to make more precise the conjecture [11] relating field theory on the boundary of AdS space to supergravity (and string theory) in bulk. We will make an ansatz whose justification, initially, is that it combines the ingredients at hand in the most natural way. Gradually, further evidence for the ansatz will emerge.
Suppose that, in any one of the examples in [11] , one has a massless scalar field φ on and not just as a formal series in powers of φ 0 . Usually, in quantum field theory one would face very difficult problems of renormalization in defining such objects. We will see that in the present context, as long as one only considers massless fields in bulk, one meets operators for which the short distance singularities are so restricted that the expectation value of the exponential can be defined nicely. Now, let Z S (φ 0 ) be the supergravity (or string) partition function on B d+1 computed with the boundary condition that at infinity φ approaches a given function φ 0 . For example, in the approximation of classical supergravity, one computes Z S (φ 0 ) by simply extending φ 0 over B d+1 as a solution φ of the classical supergravity equations, and then writing
where I S is the classical supergravity action. If classical supergravity is not an adequate approximation, then one must include string theory corrections to I S (and the equations for φ), or include quantum loops (computed in an expansion around the solution φ) rather than just evaluating the classical action. Criteria under which stringy and quantum corrections are small are given in [11] . The formula (2.10) makes sense unless there are infrared divergences in integrating over AdS d+1 to define the classical action I(φ). We will argue in section 2.4 that when such divergences arise, they correspond to expected renormalizations and anomalies of the conformal field theory.
Our ansatz for the precise relation of conformal field theory on the boundary to AdS space is that
As a preliminary check, note that in the case of of N = 4 supergravity in four dimensions, this has the expected scaling of the 't Hooft large N limit, since the supergravity action I S that appears in (2.10) is of order N 2 . Z CF T (h) the partition function of the conformal field theory formulated on a four-sphere with conformal structure h. We interpret the CFT/AdS correspondence to be that
where Z S (h) is the supergravity (or string theory) partition function computed by integrating over metrics that have a double pole near the boundary and induce, on the boundary, the given conformal structure h. In the approximation of classical supergravity, one computes Z S (h) by finding a solution g of the Einstein equations with the required boundary behavior, and setting Z S (h) = exp(−I S (g)).
Likewise, for gauge theory, suppose the AdS theory has a gauge group G, of dimension s, with gauge fields A a , a = 1, . . . , s. Then in the scenario of [11] , the group G is a global symmetry group of the conformal field theory on the boundary, and there are currents J a in the boundary theory. We would like to determine the correlation functions of the J a 's, or more optimistically, the expectation value of the generating function exp(
, with A 0 an arbitrary source. For this we make an ansatz precisely along the above lines:
we let Z S (A 0 ) be the supergravity or string theory partition function with the boundary condition that the gauge field A approaches A 0 at infinity; and we propose that exp(
In the approximation of classical field theory, Z S (A 0 ) is computed by extending A over One also wishes to include massive fields, but this we postpone until after performing some illustrative computations in the next subsection.
A Small Digression
At this point, one might ask what is the significance of the fact that the Graham-Lee theorem presumably fails for conformal structures that are sufficiently far from the round one, and that the analogous theorem for gauge theory definitely fails for sufficiently strong gauge fields on the boundary. For this discussion, we will be more specific and consider what is perhaps the best understood example considered in [11] , Alternatively, it is possible that the Graham-Lee theorem, or its gauge theory counterpart, could fail in a region in which the conformal field theory on S 4 is still well-behaved.
For every finite N , the conformal field theory partition function on S 4 , as long as it converges sufficiently well, is analytic as a function of the conformal structure and other background fields. But perhaps such analyticity can break down in the large N limit; the failure of existence and uniqueness of the extension of the boundary fields to such a classical solution could correspond to such nonanalyticity. Such singularities that arise only in the large N limit are known to occur in some toy examples [41] , and in section 3.2 we will discuss an analogous but somewhat different source of such nonanalyticity.
Some Sample Calculations
We will now carry out some sample calculations, in the approximation of classical supergravity, to illustrate the above ideas.
First we consider an AdS theory that contains a massless scalar φ with action
We assume that the boundary value φ 0 of φ is the source for a field O and that to compute the two point function of O, we must evalatue I(φ) for a classical solution with boundary value φ 0 . For this, we must solve for φ in terms of φ 0 , and then evaluate the classical action (2.14) for the field φ.
To solve for φ in terms of φ 0 , we first look for a "Green's function," a solution K of the Laplace equation on B d+1 whose boundary value is a delta function at a point P on the boundary. To find this function, it is convenient to use the representation of B d+1 as the upper half space with metric 15) and take P to be the point at x 0 = ∞. The boundary conditions and metric are invariant under translations of the x i , so K will have this symmetry and is a function only of x 0 .
The Laplace equation reads
The solution that vanishes at x 0 = 0 is
with c a constant. Since this grows at infinity, there is some sort of singularity at the boundary point P . To show that this singularity is a delta function, it helps to make an SO(1, d + 1) transformation that maps P to a finite point. The transformation
maps P to the origin, x i = 0, i = 0, . . . , d, and transforms K to
A scaling argument shows that dx 1 . . . dx d K(x) is independent of x 0 ; also, as x 0 → 0, 
By integrating by parts, one can express I(φ) as a surface integral, in fact
where T ǫ is the surface x 0 = ǫ, h is its induced metric, and n is a unit normal vector to T ǫ .
One has
. Since φ → φ 0 for x 0 → 0, and ∂φ/∂x 0 behaves as in (2.21), (2.22) can be evaluated to give
So the two point function of the operator O is a multiple of |x − x ′ | −2d , as expected for a field O of conformal dimension d.
Gauge Theory
We will now carry out a precisely analogous computation for free U (1) gauge theory.
The first step is to find a Green's function, that is a solution of Maxwell's equations on B d+1 with a singularity only at a single point on the boundary. We use again the description of B d+1 as the upper half space x 0 ≥ 0, and we look for a solution of Maxwell's equations by a one-form A of the form A = f (x 0 ) dx i (for some fixed i ≥ 1. We have 24) where the notation dx i means that dx i is to be omitted from the d − 1-fold wedge product.
(up to a constant multiple) and hence we can take 25) where the constant is for convenience. After the inversion
We make a gauge transformation, adding to A the exact form
, and get
Now suppose that we want a solution of Maxwell's equations that at x 0 = 0 coincides
Using the above Green's function, we simply write (up to a constant multiple) 28) where the . . . are terms with no dx 0 . Now, by integration by parts, the action is 29) with T ǫ the surface x 0 = ǫ. Using the above formulas for A and F , this can be evaluated, and one gets up to a constant multiple
This is the expected form for the two-point function of a conserved current.
Chern-Simons Term And Anomaly
Now let us explore some issues that arise in going beyond the free field approximation.
We consider Type IIB supergravity on AdS 5 × S 5 . On the AdS 5 space there are massless SU (4) gauge fields (which gauge the SU (4) R-symmetry group of the boundary conformal field theory). The R-symmetry is carried by chiral fermions on S 4 (positive chirality 4's and negative chirality 4's), so there is an anomaly in the three-point function of the Rsymmetry currents. Since we identify the effective action of the conformal field theory with the classical action of supergravity (evaluated for a classical solution with given boundary values), the classical supergravity action must not be gauge invariant. How does this occur?
The classical supergravity action that arises in S 5 compactification of Type IIB has in addition to the standard Yang-Mills action, also a Chern-Simons coupling (see eqn. (4.15) in [26] ). The action is thus 31) where the term in parentheses is the Chern-Simons term.
To determine the conformal field theory effective action for a source A 0 , one extends A 0 to a field A on B d+1 that obeys the classical equations. Note that A will have to be complex (because of the i multiplying the Chern-Simons term), and since classical equations for strong complex-valued gauge fields will not behave well, this is another reason, in addition to arguments given in section 2.3, that A 0 must be sufficiently small.
Because of gauge-invariance, there is no natural choice of A; we simply pick a particular
A.
Any gauge transformation on S 4 can be extended over B 5 ; given a gauge transformation g on S 4 , we pick an arbitrary extension of it over B 5 and call it g. If A 0 is changed by a gauge transformation g, then A also changes by a gauge transformation, which we can take to be g. Q is a multiple of the identity, for q = 1 it is a current J, and for general q it appears intuitively that this operator should correspond to a normal ordered product of q currents, with derivatives perhaps acting on some of them. By studying the AdS propagators, it can be shown, at least in simple cases, that the operator product singularities obtained in this way are the expected ones. But we will not try to demonstrate this in the present paper.
A few noteworthy facts are the following. Any AdS theory, not necessarily connected with a specific supergravity compactification, appears to give boundary correlation functions that obey the general axioms of conformal field theory. If only massless particles are considered on AdS, one apparently gets an astonishingly simple closed operator product expansion with only currents (or only currents and stress tensors). To obtain the more realistic OPE of, for instance, the N = 4 super Yang-Mills theory in four dimensions, one must include additional fields in the supergravity; we introduce them in sections 2.5 and 2.6. 
Gravity
Now we will discuss, though only schematically, the gravitational case, that is, the dependence of the effective action of the boundary conformal field theory on the conformal structure on the boundary. We consider a nonstandard conformal structure on S d and find, in accord with the Graham-Lee theorem, an Einstein metric on B d+1 that induces the given conformal structure on S d . To compute the partition function of the conformal field theory, we must evaluate the Einstein action on B d+1 for this metric. In writing this action, we must remember to include a surface term [42, 43] in the Einstein action. The action thus reads We can regularize the volume integral by limiting it to the region B(ǫ) defined by f > ǫ.
Also, the boundary term in the action now gets a precise meaning: one integrates over the boundary of B(ǫ). Of course, divergences will appear as ǫ → 0.
We want to show at least schematically that, with a natural choice of f , the divergent terms are local integrals on the boundary. The strategy for proving this is as follows.
Theorems 2.1 and 2.3 of [38] show that the metric of B d+1 is determined locally by the conformal structure of S d up to very high order. The proof of the theorems in section 5
of that paper involves showing that once one picks a metric on S d in its given conformal class, one can pick distinguished coordinates near the boundary of B d+1 to very high order. These distinguished coordinates give a natural definition of f to high order and with that definition, the divergent part of the action depends locally on the metric of S d . The divergent terms are thus local integrals on S d , of the general form
where P is a polynomial in the Riemann tensor of S d and its derivatives.
The effective action of the conformal field theory on S d can thus be made finite by subtracting local counterterms. After the subtractions are made, the resulting finite effective action will not necessarily be conformally invariant, but the conformal anomaly -the variation of the effective action under conformal transformations of the metric -will be given by a local expression. In fact, the conformal anomaly comes as usual from the logarithmically divergent term; all the divergent terms are local.
The structure that we have described is just what one obtains when a conformal field theory is coupled to a background metric. A regularization that breaks conformal invariance is required. After picking a regularization, one encounters divergent terms which are local; on subtracting them, one is left with a local conformal anomaly. The structure of the conformal anomaly in general dimensions is reviewed in [44] . The conformal anomaly arises only for even d; this is related to the fact that Theorems 2.1 and 2.3 in [38] make different claims for odd and even d. In the even d case, the theorems allow logarithmic terms that presumably lead to the conformal anomaly.
The Massive Case
We have come about as far as we can considering only massless fields on AdS space.
To really make contact with the ideas in [11] requires considering massive excitations as well, since, among other reasons, the AdS compactifications considered in [11] apparently do not have consistent low energy truncations in which only massless fields are included.
The reason for this last statement is that in, for instance, the AdS 5 × S 5 example, the radius of the S 5 is comparable to the radius of curvature of the AdS 5 , so that the inverse radius of curvature (which behaves in AdS space roughly as the smallest wavelength of any excitation, as seen in [20] ) is comparable to the masses of the Kaluza-Klein excitations.
For orientation, we consider a scalar with mass m in AdS d+1 . The action is
with dµ the Riemannian measure. The wave equation, which we wrote before as (2.8),
receives an extra contribution from the mass term, and is now
The L 2 term is still irrelevant at large y. The two linearly independent solutions of (2.34)
behave for large y as e λy where
For reasons that will be explained later, m 2 is limited to the region in which this quadratic equation has real roots. Let λ + and λ − be the larger and smaller roots, respectively; note that λ + ≥ −d/2 and λ − ≤ −d/2. One linear combination of the two solutions extends smoothly over the interior of AdS d+1 ; this solution behaves at infinity as exp(λ + y).
This state of affairs means that we cannot find a solution of the massive equation of motion (2.34) that approaches a constant at infinity. The closest that we can do is the following. Pick any positive function f on B d+1 that has a simple zero on the boundary.
For instance, f could be e −y (which has a simple zero on the boundary, as one can see by mapping back to the unit ball with r = tanh(y/2)). Then one can look for a solution of the equation of motion that behaves as 
which behaves as x λ + +d 0 for x 0 → 0 except for a singularity at x = 0. Now,
is a multiple of δ(x), as one can prove by using a scaling argument to show that
is independent of x 0 , and observing that for x 0 → 0, the function in (2.39) is supported near x = 0. So if we use the Green's function K to construct the solution
of the massive wave equation, then φ behaves for x 0 → 0 like x
Moreover, given the solution (2.41), one can evaluate the action (2.33) by the same arguments (integration by parts and reduction to a surface term) that we used in the massless case, with the result
This is the expected two point function of a conformal field O of dimension λ + + d.
In sum, the dimension ∆ of a conformal field on the boundary that is related to a field of mass m on AdS space is ∆ = d + λ + , and is the larger root of
In section 3.3, we will propose another explanation, using a Hamiltonian approach, for this relation. 
Correlation Functions Of Arbitrary Operators
Now we would like to go beyond the two-point function and consider the n-point functions of arbitrary operators O i in the conformal field theory. Let us first discuss the situation in field theory. We can hope to define n-point functions
for distinct points x 1 , . . . , x n . If one allows arbitrary local operators of any dimension, the singularities for coincident points are extremely complicated and one cannot without a very high degree of complication and arbitrariness define a generating function 
Comparison To "Experiment"
Now we will compare this formalism to "experiment," that is to some of the surprising features of AdS supergravity.
One very odd feature of the discussion in section 2.5 is that relevant or superrenormalizable perturbations correspond to operators with λ + < 0. Since
The conformal field theories considered in [11] do have relevant perturbations. So the corresponding AdS theories must have "tachyons," that is fields with m 2 < 0.
This seems worrisome, to say the least. The same worry was faced in early investigations of gauged and AdS supergravity, where it was typically found that there were in fact scalar fields of m 2 < 0. One at first believes that these lead to instabilities, but this proved not to be the case [20] . Because of the boundary conditions at infinity, the kinetic energy of a scalar field in AdS space cannot vanish, and stability requires not that m 2 should be positive but that m 2 should be no smaller than a certain negative lower bound.
Here is a quick and nonrigorous Euclidean space derivation of the lower bound. We will certainly run into a pathology if we consider a scalar field φ in AdS space that has a normalizable zero mode, for by SO (1, d) invariance, there will be infinitely many such modes. Consider a scalar field whose mass is such that solutions of the wave equation (which is large in the limit in which classical supergravity is valid), as shown in [11] .
Since the dimension of a scalar operator in the four-dimensional conformal field theory The Kaluza-Klein harmonics have been completely worked out in [25, 26] . The operators of spin zero are in five infinite families. We will make the comparison to the N = 4 theory for the three families that contain relevant or marginal operators. Two additional families that contain only states of positive m 2 will not be considered here.
We recall the following facts about the N = 4 theory. This theory has an R-symmetry group SU (4), which is a cover of SO(6). Viewed as an N = 0 theory, it has six real scalars X a in the 6 or vector of SO (6) 
Viewed as an N = 2 theory, this theory has a vector multiplet and a hypermultiplet in the adjoint representation.
We can now identify the following families of operators in the N = 4 theory that are in small representations:
(1) First we view the theory from an N = 1 point of view. Any gauge-invariant These operators have dimension t + 3 in free field theory, and again their dimensions are protected by the R-symmetry. If we set t = 0, we get the relevant operator TrW α W α , which is a linear combination of the gluino bilinears Trλ A α λ αB , which transform in the 10 of SO (6) (one can think of this representation as consisting of self-dual third rank antisymmetric tensors). For higher t, these states transform in the representation obtained by tensoring the 10 with the t th rank symmetric tensors and removing traces. Setting k = t + 1, we hence expect for k = 1, 2, 3, . . . a supergravity harmonic in the representation just stated with mass
Such a harmonic is listed in Fig. 2 and in Table III in [25] . These states can be found in Fig. 2 and Table III in [25] .
Other Spacetimes And Hamiltonian Formalism
General Formalism
The CFT-AdS correspondence relates conformal field theory on S d to supergravity on consisting of a manifold with boundary X, whose boundary points are M and whose interior points are X, and such that the metric on X has a double pole near the boundary.
Then the metric on X determines a conformal structure on M , just as we reviewed in section 2.1 in the case of AdS d+1 and S d .
More generally, instead of a d+1-manifold X, one might use a manifold Y of dimension 10 or 11 (depending on whether one is doing string theory or M -theory) that looks near infinity like X × W for some Einstein manifold X. Moreover, Y might contain various branes or stringy impurities of some kind. These generalizations are probably necessary, since M might be, for example, a four-manifold of non-zero signature, which is not the boundary of any five-manifold. (However, it may be that for such M 's, the conformal field theory partition function diverges for reasons discussed at the end of section 2.3.) But since the discussion is non-rigorous anyway, we will keep things simple and speak in terms
Once X is found, how will we use it to study conformal field theory on M ? As in section 2.3, we propose that the conformal field theory partition function on M equals the supergravity (or string theory) partition function on X, with boundary conditions given by the conformal structure (and other fields) on M . In the approximation of classical supergravity, we simply solve the classical equations on X with the given boundary conditions, and write
where Z CF T (M ) is the conformal field theory partition function on M and I S is the supergravity action.
In general, there might be several possible X's. If so, we have no natural way to pick one, so as is usual in Euclidean quantum gravity, we replace (3.1) by a sum. Before writing the sum, it is helpful to note that in the large N limit, I S (X) is proportional to a positive power of N , in fact I S = N γ F (X) for some γ > 0. For example, γ = 2 for N = 4 super Yang-Mills in four dimensions. So we postulate that in general
where the X i are the Einstein manifolds of boundary M .
Another refinement involves spin structures. M may admit several spin structures, in which case Z CF T (M ) will in general depend on the spin structure on M . If so, we select a spin structure on M and restrict the sum in (3.2) to run over those X i over which the given spin structure on M can be extended.
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Of course, (3.2) should be viewed as the classical supergravity approximation to an an exact formula 2) we see a natural mechanism for a singularity or phase transition that would arise only in the large N limit. In the large N limit, the sum in (3.2) will be dominated by that X i for which F (X i ) is smallest. If
is the conformal field theory free energy, then 4) for that value of i for which F (X i ) is least. At a point at which F (X i ) = F (X j ) for some i = j, one may well "jump" from one branch to another. This will produce a singularity of the large N theory, somewhat similar to large N singularities found [41] in certain toy models.
7 There may be further refinements of a similar nature. For example, in the case that the boundary theory is four-dimensional gauge theory with a gauge group that is locally SU (N ), it may be that the gauge group is really SU (N )/Z N , in which case the partition function on M depends on a choice of a "discrete magnetic flux" w ∈ H 2 (M, Z). Perhaps one should restrict the sum in (3.2) to X i over which w extends.
A Concrete Example
We will next describe a concrete example, namely M = S 1 × S d−1 , in which one can explicitly describe two possible X's and a transition between them. In fact, the two solutions were described (in the four-dimensional case) by Hawking and Page [47] who also pointed out the existence of the phase transition (which they of course interpreted in terms of quantum gravity rather than boundary conformal field theory!).
The first solution is obtained as follows. The simplest way to find Einstein manifolds is to take the quotient of a portion of AdS d+1 by a group that acts discretely on it. AdS d+1 can be described as the quadric
(The analogous formula for AdS d+1 with Lorentz signature is given in (1.2).) We restrict ourselves to the region AdS + d+1 of AdS space with u, v > 0. We consider the action on AdS + d+1 of a group Z generated by the transformation 6) with λ a fixed real number greater than 1. This group acts freely on AdS Hence the boundary of X 1 is a copy of
An important property of this example is that it is invariant under an action of
it acts by rotation of the x i in (3.5). SO(2) acts by rotation of the angle θ defined in (3.7).
The SO(2) × SO(d) symmetry uniquely determines the conformal structure of
up to a constant β = ln λ which one can think of as the ratio of the radius of S 1 to the
has two spin structures -spinors may be periodic or antiperiodic around the S 1 . The partition functions of M with these spin structures can be interpreted respectively as Both spin structures extend over X 1 , so X 1 contributes to both Tr e −βH (−1) F and Tr e −βH in the conformal field theory. Its contribution is, however, extremely simple in the approximation of classical supergravity. The reason is that X 1 = S 1 × R d , and β enters only as the radius of S 1 . This ensures that the supergravity action is linear in β,
for some constant E, since I S (X 1 ) is computed from a local integral on X 1 (plus a boundary term that is a local integral at infinity), and β only enters in determining how far one must integrate in the S 1 direction. If one introduces additional background fields on
in a way that preserves the time-translation invariance of
then E may depend on the background fields, but is still independent of β. E should be interpreted as the ground state energy in quantization of the conformal field theory on
, then the metric of X 1 , which is just the AdS metric −du dv + i (dx i ) 2 with some global identifications, becomes 12) which is the form in which it is written in [47] .
The Schwarzschild Solution
The second solution X 2 is the AdS Schwarzschild solution. Topologically transition from a "flop" between X 1 and X 2 . That it does, at least for d + 1 = 4, is equivalent to facts described by Hawking and Page [47] .
The metric of a Euclidean AdS d+1 Schwarzschild black hole of mass m, for d = 3, as described in [47] , eqn. 2.1, is
with dΩ 2 the line element on a round two-sphere, and
(3.14)
(Notation compares to that in [47] as follows: we set b = 1, since the form of the AdS metric that we have used corresponds for AdS 4 to Λ = −3; we set m p = 1, and write m instead of M for the black hole mass.) Let r + be the largest root of the equation V (r) = 0.
The spacetime is limited to the region r ≥ r + . The metric is smooth and complete if t is regarded as an angular variable with period
This has a maximum as a function of r + , so the black hole spacetime X 2 contributes to the thermodynamics only for sufficiently small β, that is sufficiently large temperature.
The action difference between X 2 and X 1 was computed by Hawking and Page to be
This is negative for sufficiently large r + , that is for sufficiently small β or sufficiently large temperature. Thus (for d = 3 and presumably for all d), the boundary conformal field theories that enter the CFT-AdS correspondence have phase transitions as a function of temperature in the large N limit.
Further support for the interpretation of the AdS black hole in terms of conformal field theory at high temperature comes from the fact that the AdS black hole has positive specific heat [47] in the region in which it has lower action. This is needed for the correspondence with conformal field theory (which certainly has positive specific heat), and is a somewhat surprising result, as it does not hold for Schwarzschild black holes in asymptotically flat space.
On the other hand, it is also shown in [47] 
Comparison With Gauge Theory Expectations
We will now specialize to the AdS 5 × S 5 case, and compare to the expected large N behavior of four-dimensional gauge theories.
Actually, we do not know how the N = 4 theory should behave for large N with large and fixed g 2 Y M N . We will therefore compare to the expected large N thermodynamics [48] of an SU (N ) gauge theory with massive quarks in the fundamental representation (that is, ordinary QCD generalized to large N ). It is surprising that this comparison will work, since QCD is confining, while the N = 4 theory has no obviously analogous phenomenon.
However, the comparison seems to work, as we will see, at least for large g The idea is that as the excitations have multiplicity of order one, they contribute to F an amount of order one, and make a vanishing contribution to the large N limit of F/N 2 , which hence should simply equal the ground state energy. The formula in (3.17) precisely has the structure of the contribution (3.11) of the manifold X 1 to the free energy.
In large N QCD, such behavior cannot prevail at all temperatures. At sufficiently high temperatures, one "sees" that the theory is made of quarks and gluons. By asymptotic freedom, the gluons are effectively free at high temperatures. As the number of species is of order N 2 , they contribute to the free energy an amount of order N 2 , with a temperature dependence determined by 3 + 1-dimensional conformal invariance. So for high enough term in the free energy, corresponds to the phase in which the manifold X 2 dominates.
Hamiltonian Interpretation
Our remaining goal will be to develop a Hamiltonian version of the CFT-AdS correspondence and to use it to give another explanation of the relation between masses on
AdS space and conformal dimensions on the boundary theory.
We would like to describe in terms of supergravity the Hilbert space of the boundary conformal field theory on S d−1 . The partition function of the conformal field theory on boundary is a sphere of radius ǫ, and use the state |ψ to define boundary conditions on the boundary. In the limit as ǫ → 0, this procedure defines a local operator O ψ as seen by an outside observer. These two operations are inverses of each other and give a natural correspondence in conformal field theory between states on S d−1 and local operators.
So we can assert that, in the CFT-AdS correspondence, the local operators in the boundary conformal field theory correspond to the quantum states on AdS d+1 .
As an application of this, we will recover the relation claimed in section 2.5 between dimensions of operators in conformal field theory and particle masses on AdS space. Choos- Thus, the energy of a mode in AdS space equals the dimension of the corresponding operator in the boundary conformal field theory. Now, in equation (A6) in [20] , it is shown that a scalar field of mass m 2 in AdS space has a discrete energy spectrum (with the definition of energy that we have just given), and that the frequency of the mode of lowest energy is ω = 8 In [20] , the computation is performed only for d = 3, but the general case is hopefully similar.
Also, the parameter α in [20] is our −m 2 , and there is a small clash in notation: the quantity λ + defined on p. 276 of [20] is d + λ + in our notation.
